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GORENSTEIN FLAT MODULES WITH RESPECT TO DUALITY
PAIRS
ZHANPING WANG GANG YANG
Abstract
Let X be a class of left R-modules, Y be a class of right R-modules. In this paper, we introduce
and study Gorenstein (X ,Y)-flat modules as a common generalization of some known modules such
as Gorenstein flat modules [9], Gorenstein n-flat modules [22], Gorenstein B-flat modules [7], Gorenstein
AC-flat modules [2], Ω-Gorenstein flat modules [10] and so on. We show that the class of all Gorenstein
(X ,Y)-flat modules have a strong stability. In particular, when (X ,Y) is a perfect (symmetric) duality
pair, we give some functorial descriptions of Gorenstein (X ,Y)-flat dimension, and construct a hereditary
abelian model structure on R-Mod whose cofibrant objects are exactly the Gorenstein (X ,Y)-flat modules.
These results unify the corresponding results of the aforementioned modules.
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1. Introduction and Preliminaries
Enochs and coauthors introduced Gorenstein projective, injective and Gorenstein flat modules, and
developed Gorenstein homological algebra in [8, 9, 10]. Later, many scholars further studied these modules
and introduced various generalizations of these modules (See, e.g., [1, 3, 4, 14, 15, 19]). For example,
Bravo, Estrada and Iacob defined Gorenstein AC-flat modules in [2], Estrada, Iacob and Pe´res studied
Gorenstein B-flat modules in [7], where B is a class of right R-modules.
In [14], Gillespie constructed a hereditary abelian model structure, the Gorenstein flat model structure,
over a right coherent ring R, in which the cofibrant objects are precisely the Gorenstein flat modules. In
[7], Estrada, Iacob and Pe´res studied relative Gorenstein flat model structure on the categories of left
R-modules and complexes.
Let X be a class of left R-modules, Y be a class of right R-modules. In section 2 of this paper, we
define and study Gorenstein (X ,Y)-flat modules. A left R-module M is called Gorenstein (X ,Y)-flat
module, if there exists an exact sequence of left R-modules in X ,
· · · → X1 → X0 → X
0 → X1 → · · ·
such that M ∼= Ker(X0 → X1) and Y ⊗R − leaves the sequence exact whenever Y in Y. For different
choices of X ,Y, the class GF (X ,Y)(R) of all Gorenstein (X ,Y)-flat modules encompasses all of the
aforementioned modules, and some results existing in the literature for the modules above can be obtained
as particular cases of the results on Gorenstein (X ,Y)-flat modules.
Section 3 is devoted to a hereditary abelian model structure which is related to Gorenstein (X ,Y)-flat
modules, where (X ,Y) is a duality pair.
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Next we collect all the background material that will be necessary in the sequel. For unexplained
concepts and notations, we refer the reader to [10, 13, 18].
Cotorsion pairs. Let A be a class of left R-modules. We define A⊥ = {M | Ext1R(A,M) =
0 for all A ∈ A}, and ⊥A = {M | Ext1R(M,A) = 0 for all A ∈ A}. A pair (A,B) of classes of left
R-modules is called a cotorsion pair if A⊥ = B and ⊥B = A.
Let A be a class of left R-modules. A morphism f : A → M is called an A-precover if A ∈ A and
the induced morphism HomR(A
′, f) : HomR(A
′, A)→ HomR(A
′,M) is an epimorphism for each A′ ∈ A.
An A-precover f : A → M is called an A-cover if every endomorphism g : A → A such that fg = f is
an automorphism of A. The class A is called precovering (resp. covering) if every module M has an A-
precover (resp. A-cover). Dually we have the definitions of an A-(pre)envelope and an A-(pre)enveloping
class.
A class A of left R-modules is projectively resolving if it is closed under extensions and kernels of
epimorphisms, and it contains the class of projective left R-modules. Dually we have the notion of
injectively coresolving class.
A cotorsion pair (A,B) is said to be hereditary if A is projectively resolving, or equivalently, if B is
injectively coresolving. A cotorsion pair (A,B) is said to be complete if for any module M there exist
exact sequences 0 → M → B → A → 0 and 0 → B′ → A′ → M → 0 with A,A′ ∈ A and B,B′ ∈ B. A
cotorsion pair (A,B) is said to be perfect if every module has an A-cover and a B-envelope. It is well
known that a perfect cotorsion pair is complete, but the converse may be false in general.
Duality pairs. In [16, Definition 2.1], a duality pair over a ring R is a pair (X ,Y), of classes of
R-modules, satisfying (1) X ∈ X if and only if X+ ∈ Y, and (2) Y is closed under direct summands and
finite direct sums, where X+ = HomZ(M,Q/Z). A duality pair (X ,Y) is called perfect if X contains the
module R, and is closed under direct sums and extensions.
Lemma 1.1. ([16, Theorem 3.1]) Let (X ,Y) be a duality pair. Then the following hold:
(1) X is closed under pure submodules, pure quotients, and pure extensions.
(2) If (X ,Y) is perfect, then (X ,X⊥) is a perfect cotorsion pair.
Lemma 1.2. ([14, Proposition 2.3]) If (X ,Y) is a perfect duality pair, then X contains all projective
modules, in fact, it contains all flat modules. And, the class Y contains all injective modules.
Recall that in [14, Definition 2.4] a duality pair (X ,Y) is called symmetric if both (X ,Y) and (Y,X )
are duality pairs. Several examples of perfect and symmetric duality pairs are given in [5, 7, 14, 16].
Example 1.3. (1) (Fn, In) is a perfect duality pair, where Fn is the class of all modules M with
fd(M) 6 n, In is the class of all modules N with id(N) 6 n. Over a left noetherian ring R, (Fn, In) is a
perfect and symmetric duality pair.
(2) (Fn,FIn) is a perfect duality pair, where FIn is the class of all modules N with FP-id(N) 6 n.
Over a right coherent ring R, (Fn,FIn) is a perfect and symmetric duality pair.
(3) In [5], a right R-module F is said to be of type FPn if it has a projective resolution Pn → · · · →
P2 → P1 → P0 → F → 0 with each Pi finitely generated. A right R-module M is called FPn-injective if
Ext1R(F,M) = 0 for all R-modules F of type FPn, a left R-module N is called FPn-flat if Tor
R
1 (F,N) = 0
for all R-modules F of type FPn. Let FPn-Flat denote the class of all FPn-flat left R-modules, and
FPn-Inj denote the class of all FPn-injective right R-modules. Then for all n > 2,(FPn-Flat, FPn-Inj)
is a perfect and symmetric duality pair by [5, Corollary 3.7].
(4) Recall that in [20] a ring R is said to be right min-coherent in case every simple right ideal is
finitely presented. A left R-module M is called min-flat if TorR1 (R/I,M) = 0 for any simple right ideal
I. A right R-module M is called min-injective if Ext1R(R/I,M) = 0 for any simple right ideal I. Let
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MF denote the class of all min-flat left R-modules, and MI denote the class of all min-injective right
R-modules. Then (MF , MI) is a perfect duality pair by [20, Lemma 3.2]. Over a right min-coherent
ring R, (MF , MI) is a perfect and symmetric duality pair by [20, Theorem 4.5].
Throughout this paper, R is an associative ring with an identity, the modules are unital. R-Mod
denotes the category of all left R-modules. Let P and F be the classes of all projective and flat left
R-modules, respectively, and I be the class of all injective right R-modules. For an R-module M , M+
denotes the character module HomZ(M,Q/Z).
2. Gorenstein (X ,Y)-flat modules
Let X be a class of left R-modules, Y be a class of right R-modules. In the section, we introduce
and study Gorenstein (X ,Y)-flat modules, and show that the class of all Gorenstein (X ,Y)-flat modules
have a strong stability. In particular, when (X ,Y) is a perfect (symmetric) duality pair, we give some
functorial descriptions of Gorenstein (X ,Y)-flat dimension.
Definition 2.1. A left R-module M is called Gorenstein (X ,Y)-flat, if there exists an exact sequence of
left R-modules in X ,
· · · → X1 → X0 → X
0 → X1 → · · ·
such that M ∼= Ker(X0 → X1) and Y ⊗R − leaves the sequence exact whenever Y in Y.
Use GF (X ,Y)(R) to denote the class of all Gorenstein (X ,Y)-flat modules.
Remark 2.2. (1) It is clear that each module in X is in GF (X ,Y)(R).
(2) If
X : · · · → X1 → X0 → X
0 → X1 → · · ·
is a Y ⊗R − exact exact sequence of modules in X , then by symmetic, all the kernels, the images, and
the cokernels of X are in GF (X ,Y)(R).
Example 2.3. (1) Obviously, if X = F , Y = I, then Gorenstein (X ,Y)-flat modules are exactly
Gorenstein flat modules in [9]. If X = F , Y is the class of all FP-injective modules, then Gorenstein
(X ,Y)-flat modules are also Gorenstein flat modules by [21, Lemma 2.8].
(2) If X = F , then Gorenstein (X ,Y)-flat modules are exactly Gorenstein Y-flat modules GFY(R)
in [7]. If Y is the class of all absolutely clean modules, then Gorenstein Y-flat modules are precisely
Gorenstein AC-flat modules in [2].
(3) Let Fn = {M | TorR1 (N, M) = 0 for all finitely presented modules N with pdN 6 n}, FI
n =
{M | Ext1R(N, M) = 0 for all finitely presented modules N with pdN 6 n}. Then Gorenstein (F
n,FIn)-
flat modules are exactly Gorenstein n-flat modules in [22].
(4) LetR be a commutative ring, C be a semiduality module, and letFC = {C⊗RF | F is a flat module},
IC = {HomR(C, I) | I is an injective module}. Then Gorenstein (FC , IC)-flat modules coincide with
Gorenstein C-flat modules in [24]. If R is a Cohen-Macaulay ring of finite Krull dimension admitting a
dualizing module Ω, then Gorenstein (FΩ, IΩ)-flat modules are precisely Ω-Gorenstein flat modules in
[10, Definition 12.5.14].
Remark 2.4. (1) If X is closed under direct sums, then GF (X ,Y)(R) is closed under direct sums.
(2) If X1 ⊆ X2, then GF (X1,Y)(R) ⊆ GF (X2,Y)(R). If Y1 ⊆ Y2, then GF (X ,Y2)(R) ⊆ GF (X ,Y1)(R).
Recall that an exact sequence · · · → X1 → X0 → M → 0 in R-Mod with each Xi ∈ X is said to be
an X -resolution of M . An X -coresolution of M is defined dually. An exact sequence in R-Mod is called
Y ⊗R − exact if it remains still exact after applying the functor Y ⊗R − for all Y ∈ Y.
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Lemma 2.5. Assume that GF (X ,Y)(R) is closed under extensions. Then a left R-moduleM has a Y⊗R−
exact X -resolution if and only if it has a Y ⊗R − exact GF (X ,Y)(R)-resolution.
Proof. It is enough to show that the “if ” part. Let 0 → N → G0 → M → 0 be an Y ⊗R − exact exact
sequence with G0 ∈ GF (X ,Y)(R) and N having a Y ⊗R − exact GF (X ,Y)(R)-resolution. Then we have
the following pullback diagram
0

0

G
′

G
′

0 // H

// X0

// M // 0
0 // N

// G0

// M // 0
0 0
with X0 ∈ X , G
′
∈ GF (X ,Y)(R). Since the bottom row and the middle column are Y⊗R− exact, so is the
middle row by Snake lemma. Note that there is an Y ⊗R− exact exact sequence 0→ K → G1 → N → 0
such that K has a Y ⊗R − exact GF (X ,Y)(R)-resolution and G1 ∈ GF (X ,Y)(R). Consider the following
pullback diagram
0

0

K

K

0 // G
′
// L

// G1

// 0
0 // G
′
// H

// N

// 0
0 0
Since GF (X ,Y)(R) is closed under extensions, L ∈ GF (X ,Y)(R). Thus, H has a Y⊗R− exact GF (X ,Y)(R)-
resolution. Note that 0→ H → X0 →M → 0 is Y ⊗R − exact. By repeating the preceding process, we
get that M has a Y ⊗R − exact X -resolution. 
Dually, we can prove the following lemma.
Lemma 2.6. Assume that GF (X ,Y)(R) is closed under extensions. Then a left R-moduleM has a Y⊗R−
exact X -coresolution if and only if it has a Y ⊗R − exact GF (X ,Y)(R)-coresolution.
Let GF2(X ,Y)(R) be the class of left R-modules M for which there exists an exact sequence of left
R-modules in GF (X ,Y)(R)
· · · → G1 → G0 → G
0 → G1 → · · ·
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such that M ∼= Ker(G0 → G1) and such that Y ⊗R − leaves the sequence exact. It is obvious that
GF (X ,Y)(R) ⊆ GF
2
(X ,Y)(R). As a consequence of Lemmas 2.5 and 2.6, we have the following result.
Theorem 2.7. If GF (X ,Y)(R) is closed under extensions, then GF (X ,Y)(R) = GF
2
(X ,Y)(R).
Note that Theorem 2.7 recovers [4, Main Theorem], [24, Theorem 3.12], [26, Theorem 2.13], and [27,
Theorem 4.3].
Corollary 2.8. Assume that GF (X ,Y)(R) is closed under extensions. Then the following are equivalent
for left a R-module M :
(1) M is in GF (X ,Y)(R).
(2) There exists a Y ⊗R − exact exact sequence of left R-modules in U
· · · → G1 → G0 → G
0 → G1 → · · ·
and M ∼= Ker(G0 → G1) for some class U with X ⊆ U ⊆ GF (X ,Y)(R).
(3) There exists a V ⊗R − exact exact sequence of left R-modules in GF (X ,Y)(R)
· · · → G1 → G0 → G
0 → G1 → · · ·
and M ∼= Ker(G0 → G1) for some class V with V ⊆ Y.
Applying Corollary 2.8 to Example 2.3(2), we have
Corollary 2.9. Assume that GFY(R) is closed under extensions. Then the following are equivalent for
a left R-module M :
(1) M is in GFY(R).
(2) There exists a Y ⊗R − exact exact sequence of left R-modules in U
· · · → G1 → G0 → G
0 → G1 → · · ·
and M ∼= Ker(G0 → G1) for some class U with F ⊆ U ⊆ GFY(R).
(3) There exists a V ⊗R − exact exact sequence of left R-modules in GFY(R)
· · · → G1 → G0 → G
0 → G1 → · · ·
and M ∼= Ker(G0 → G1) for some class V with V ⊆ Y.
Recall that in [3, Definition 2.6] a left R-module M is called absolutely clean or FP∞-injective if
Ext1R(N,M) = 0 for all left R-modules N of type FP∞. If Y is the class of all absolutely clean R-
modules, then Gorenstein Y-flat modules are precisely Gorenstein AC-flat modules in [2, Definition 4.1].
Corollary 2.9 shows that Gorenstein AC-flat modules have a strong stability.
We say that Y⊤X if TorRi (Y,X) = 0 for all Y ∈ Y, X ∈ X and i > 1. In the following, we always
assume that Y⊤X , and P ⊆ X .
Lemma 2.10. The following assertions are equivalent for a left R-module M .
(1) M is Gorenstein (X ,Y)-flat.
(2) TorRi (Y,M) = 0 for all i > 0 and all Y ∈ Y, and there exists an exact sequence of left R-modules
0→M → X0 → X1 → · · · with each X i ∈ X , such that Y ⊗R − leaves the sequence exact.
(3) There exists a short exact sequence of left R-modules 0 → M → X → G → 0 with X ∈ X and
G ∈ GF (X ,Y)(R).
Proof. Using the definition of Gorenstein (X ,Y)-flat modules, it is obtained by standard argument similar
to the proof of [1, Lemma 2.4]. 
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Lemma 2.11. Let 0 → M → L → N → 0 be a short exact sequence in R-Mod. If X is closed under
extensions, M ∈ GF (X ,Y)(R), and N ∈ X , then L ∈ GF (X ,Y)(R).
Proof. Since M ∈ GF (X ,Y)(R), there exists an exact sequence of left R-modules 0→M → X → G→ 0,
where X ∈ X , G ∈ GF (X ,Y)(R). Consider the following pushout diagram
0

0

0 // M

// L

// N // 0
0 // X

// U

// N // 0
G

G

0 0
Because both X and N are in X , U is in X . Then, by the middle column and from Lemma 2.10, L is in
GF (X ,Y)(R). 
Proposition 2.12. The following conditions are equivalent for a ring R:
(1) The class GF (X ,Y)(R) is closed under extensions.
(2) The class GF (X ,Y)(R) is projectively resolving.
Proof. (2)⇒ (1) is clear.
(1)⇒ (2) To claim that the class GF (X ,Y)(R) is projectively resolving, it suffices to prove that it is
closed under kernels of epimorphisms. Then, consider a short exact sequence of left R-modules 0 →
M → L→ N → 0, where L and N are in GF (X ,Y)(R). We show that M is in GF (X ,Y)(R). Since L is in
GF (X ,Y)(R), there exists a short exact sequence of left R-modules 0→ L→ X → G→ 0, where X ∈ X ,
G ∈ GF (X ,Y)(R). Consider the following pushout diagram
0

0

0 // M // L

// N

// 0
0 // M // X

// U

// 0
G

G

0 0
By the right column and (1), the R-module U is in GF (X ,Y)(R). Therefore, by the middle row and
Lemma 2.10, M is in GF (X ,Y)(R). 
Corollary 2.13. Let M be a left R-module. Consider two exact sequences of left R-modules,
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0→ Gn → Gn−1 → · · · → G0 →M → 0, and
0→ Hn → Hn−1 → · · · → H0 →M → 0,
where G0, · · · , Gn−1 and H0, · · · , Hn−1 are in GF (X ,Y)(R). Assume that the class GF (X ,Y)(R) is closed
under extensions, then Gn ∈ GF (X ,Y)(R) if and only if Hn ∈ GF (X ,Y)(R).
Proof. It is obtained by Proposition 2.12 and [29, Lemma 2.1]. 
From [15, Proposition 1.4], Remark 2.4 and Proposition 2.12, we have the following corollary.
Corollary 2.14. If the class GF (X ,Y)(R) is closed under extensions, then the class GF (X ,Y)(R) is closed
under direct summands.
Proposition 2.15. Assume that (X ,Y) is a perfect duality pair. Then the following conditions are
equivalent for a ring R:
(1) The class GF (X ,Y)(R) is closed under extensions.
(2) For every short exact sequence of left R-modulles 0 → G1 → G0 → M → 0, where G0, G1 ∈
GF (X ,Y)(R). If Tor
R
1 (Y,M) = 0 for all Y ∈ Y, then M ∈ GF (X ,Y)(R).
Proof. (1)⇒ (2) Since G1 is in GF (X ,Y)(R), there exists a short exact sequence 0→ G1 → X1 → H → 0,
where X1 ∈ X , G1 ∈ GF (X ,Y)(R). Consider the following pushout diagram
0

0

0 // G1

// G0

// M // 0
0 // X1

// U

// M // 0
H

H

0 0
In the middle column both G0 and H are in GF (X ,Y)(R), then so is U by (1). Hence, there exists a short
exact sequence 0→ U → X → G→ 0, where X ∈ X , G ∈ GF (X ,Y)(R). Consider the following pushout
diagram
0

0

0 // X1 // U

// M

// 0
0 // X1 // X

// V

// 0
G

G

0 0
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We prove that V is in X . Consider the right column 0→M → V → G→ 0. Since G is in GF (X ,Y)(R),
we get that TorR1 (Y, V ) = 0 for all Y ∈ Y by Lemma 2.10. On the other hand, by the middle row
0→ X1 → X → V → 0, we have the short exact sequence 0→ V
+ → X+ → X+1 → 0. By assumption,
X+, X+1 ∈ Y. Note that Ext
1
R(X
+
1 , V
+) ∼= (TorR1 (X
+
1 , V ))
+. Hence, Ext1R(X
+
1 , V
+) = 0, and so the
above sequence splits. Then V + is in Y, which implies that V is in X . Now, by Lemma 2.10 and the
short exact sequence 0→M → V → G→ 0, we get that M is in GF (X ,Y)(R).
(2)⇒ (1) Let 0→ L→ M → N → 0 be a short exact sequence, where L,N ∈ GF (X ,Y)(R). We show
that M is in GF (X ,Y)(R). Since L and N are in GF (X ,Y)(R), we get that Tor
R
i (Y,M) = 0 for all i > 0
and all Y ∈ Y by Lemma 2.10. On the other hand, since N is in GF (X ,Y)(R), there exists a short exact
sequence 0 → G → X → N → 0, where X ∈ X and G ∈ GF (X ,Y)(R). Consider the following pullback
diagram
0

0

G

G

0 // L // W

// X

// 0
0 // L // M

// N

// 0
0 0
Since L is in GF (X ,Y)(R), there exists a short exact sequence 0→ L→ X
′ → G′ → 0, where X ′ ∈ X and
G′ ∈ GF (X ,Y)(R). Consider the following pushout diagram
0

0

0 // L

// W

// X // 0
0 // X ′

// U

// X // 0
G′

G′

0 0
In the middle row both X ′ and X are in X , then so is U . Hence, by the middle column and Lemma 2.10,
W is in GF (X ,Y)(R). Now, in the short exact sequence 0 → G→ W → M → 0, we note that G and W
are in GF (X ,Y)(R), and Tor
R
i (Y,M) = 0 for all i > 0 and all Y ∈ Y, then M is in GF (X ,Y)(R) by (2). 
Let A be a class of left R-modules, M be a left R-module. For a positive integer n, we say that M
has A-projective dimension at most n, if M has an A-resolution of length n, and we write A-pd(M) 6 n.
If no such finite sequence exists, define A-pd(M) = ∞. If A = GF (X ,Y)(R), then we call it Gorenstein
(X ,Y)-flat dimension of M . Dually, we have the notion of A-injective dimension A-id(M).
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Recall that in [23] a subclass U of X is called a generator (resp. cogenerator) for X if for each module
in X , there exists an exact sequence 0 → X ′ → U → X → 0 (resp. 0 → X → U → X ′ → 0) in R-Mod
with X ′ in X and U in U . By definitions, it is clear that X is a generator-cogenerator for GF (X ,Y)(R).
Theorem 2.16. Assume that (X ,Y) is a perfect duality pair, and GF (X ,Y)(R) is closed under extensions.
Then the following are equivalent for a module M and a positive integer n:
(1) GF (X ,Y)(R)-pd(M) 6 n.
(2) GF (X ,Y)(R)-pd(M) <∞ and Tor
R
i (Y,M) = 0 for all i > n and each Y ∈ Y.
(3) GF (X ,Y)(R)-pd(M) <∞ and Tor
R
i (Z,M) = 0 for all i > n and each Z with Y-id(Z) <∞.
(4) For every exact sequence of left R-modules 0→ Kn → Gn−1 → · · · → G1 → G0 →M → 0, if each
Gi is in GF (X ,Y)(R), then so is Kn.
(5) There exists an exact sequence:
0→ Gn → Xn−1 → · · · → X1 → X0 →M → 0
with Gn ∈ GF (X ,Y)(R) and all Xi ∈ X .
(6) There exists an exact sequence:
0→ Xn → Xn−1 → · · · → X1 → G0 →M → 0
with G0 ∈ GF (X ,Y)(R) and all Xi ∈ X .
(7) For every non-negative integer t such that 0 6 t 6 n, there exists an exact sequence:
0→ Xn → Xn−1 → · · · → X1 → X0 →M → 0
with Xt ∈ GF (X ,Y)(R) and all Xi ∈ X for i 6= t.
(8) For every non-negative integer t such that 0 6 t 6 n, there exists an exact sequence:
0→ Gn → Gn−1 → · · · → G1 → G0 →M → 0
with Gt ∈ X and all Gi ∈ GF (X ,Y)(R) for i 6= t.
Proof. By Lemma 2.10, Corollary 2.13, and Proposition 2.15, (1)⇔(2)⇔(3)⇔(4) are obtained by the
similar proof of [1, Theorem 2.8]. Since X is a generator-cogenerator for GF (X ,Y)(R), by [19, Theorem
5.5], we get (1)⇔(5)⇔(6)⇔(7)⇔(8). 
Remark 2.17. Associated with [7, Lemma 2.3], a careful reading of proofs of Proposition 2.15 and
Theorem 2.16 give the corresponding results for GFY(R).
Proposition 2.18. Assume that Y is injectively coresolving, and (X ,Y) is a perfect duality pair. If a
left R-module M is Gorenstein (X ,Y)-flat and X -pd(M) <∞, then it is in X .
Proof. Since M is Gorenstein (X ,Y)-flat, there exists an exact sequence of left R-modules in X ,
X : · · · → X1 → X0 → X
0 → X1 → · · ·
such that M ∼= Ker(X0 → X1) and Y ⊗R X is exact for each Y ∈ Y. Then the exact sequence Y ⊗R X
gives the exactness of (Y ⊗R X)
+, which yields the exact sequence HomR(Y,X
+). Hence, by hypothesis,
we have a HomR(Y,−)-exact exact sequence 0 → M
+ → X+0 → X
+
1 → · · · → X
+
n−1 → K
+
n → 0 with
Xi ∈ X and K
+
n ∈ Y. It is easy to see that M
+ ∈ Y, and so M ∈ X . 
Remark 2.19. Similar to the proof of Proposition 2.18, it is obtained the corresponding result for
GFY(R). That is, if I ⊆ Y, and M is Gorenstein Y-flat and fd(M) <∞, then M is flat.
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Proposition 2.20. Assume that (X ,Y) is a perfect and symmetric duality pair, and X is closed under
kernels of epimorphisms. Then the following conditions are equivalent for a ring R:
(1) M is in GF (X ,Y)(R).
(2) There exists an exact sequence of left R-modules in X ,
· · · → X1 → X0 → X
0 → X1 → · · ·
such that M ∼= Ker(X0 → X1) and such that HomR(−,X ∩ X
⊥) leaves the sequence exact.
(3) ExtiR(M,W ) = 0 for all W ∈ X ∩ X
⊥ and there exists a HomR(−,X ∩ X
⊥)-exact exact sequence
0→M → X0 → X1 → · · ·
with each X i ∈ X .
(4) ExtiR(M,W ) = 0 for all W ∈ X ∩ X
⊥ and there exists a HomR(−,X ∩ X
⊥)-exact exact sequence
0→M →W 0 →W 1 → · · ·
with each W i ∈ X ∩ X⊥.
(5) There exists a short exact sequence of left R-modules 0→M → W → G→ 0 where W ∈ X ∩ X⊥
and G ∈ GF (X ,Y)(R).
Proof. (1)⇒ (2) By (1), there exists an exact sequence of left R-modules in X ,
· · · → X1 → X0 → X
0 → X1 → · · ·
such thatM ∼= Ker(X0 → X1) and such that Y⊗R− leaves the sequence exact. LetW be in X∩X
⊥. Then
we have a pure exact sequence sequence 0→W →W++ →W++/W → 0 in R-Mod by [10, Proposition
5.3.9]. Since W ∈ X and (X ,Y) is a symmetric duality pair, we get W++ ∈ X . Thus W++/W ∈ X ,
and so the above pure exact sequence is split. From the fact that HomR(X,W
++) ∼= (W+ ⊗R X)
+,
and W+ ⊗R X is exact by hypothesis, we obtain that the sequence HomR(X,W
++) is exact. Therefore,
HomR(X,W ) is exact.
(2)⇒ (1) By (2), there exists an exact sequence of left R-modules in X ,
X : · · · → X1 → X0 → X
0 → X1 → · · ·
such that M ∼= Ker(X0 → X1) and such that HomR(−,X ∩ X
⊥) leaves the sequence exact. Let Y ∈ Y.
Note that (Y ⊗R X)
+ ∼= HomR(X, Y
+), and Ext1R(X,Y
+) ∼= TorR1 (X,Y )
+. Since X⊤Y, and (X ,Y) is a
symmetric duality pair, we get that Y + ∈ X ∩ X⊥. Thus HomR(X, Y
+) is exact by hypothesis, and so
Y ⊗R X is exact. Hence M is in GF (X ,Y)(R).
(2)⇔ (3) and (4)⇔ (5) are straightforward.
(4)⇒ (3) is clear.
(3)⇒ (4) By (3), there exists an exact sequence 0 → M → X0 → L1 → 0 with X0 ∈ X and
L1 ∈ GF (X ,Y)(R). By Lemma 1.1, we get that (X ,X
⊥) is a perfect cotorsion pair, and so it is complete.
Then there exists an exact sequence 0 → X0 → W 0 → N1 → 0 with W 0 ∈ X ∩ X⊥ and N1 ∈ X .
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Consider the following pushout diagram
0

0

0 // M // X0

// L1

// 0
0 // M // W 0

// U1

// 0
N1

N1

0 0
In the right column, since L1 ∈ GF (X ,Y)(R) and N
1 ∈ X , we get that U1 ∈ GF (X ,Y)(R) by Lemma
2.11. So ExtiR(U
1,W ) = 0 for all W ∈ X ∩ X⊥ and the exact sequence 0 → M → W 0 → U1 → 0 is
HomR(−,X ∩X
⊥)-exact. By repeating the proceeding process, we have a HomR(−,X ∩X
⊥)-exact exact
sequence
0→M →W 0 →W 1 → · · ·
with each W i ∈ X ∩ X⊥. 
Corollary 2.21. Assume that (X ,Y) is a perfect and symmetric duality pair, X is closed under kernels
of epimorphisms, and 0→ L→M → N → 0 is a short exact sequence in R-Mod.
(1) If N ∈ GF (X ,Y)(R), then L ∈ GF (X ,Y)(R) if and only if M ∈ GF (X ,Y)(R).
(2) If L,M ∈ GF (X ,Y)(R), then N ∈ GF (X ,Y)(R) if and only if Ext
1
R(N,X ∩ X
⊥) = 0.
Proof. By Proposition 2.20, it is obtained by standard argument. 
Remark 2.22. (1) Under the condition of Proposition 2.20, the class GF (X ,Y)(R) is closed under
extensions by Corollary 2.21, in this case, Theorem 2.7 and Theorem 2.16 also hold.
(2) Under the condition of Proposition 2.20, by Propositions 2.12 and 2.20, and Corollary 2.21 we have
that the class GF (X ,Y)(R) is projectively resolving, and X ∩ X
⊥ is a cogenerator for GF (X ,Y)(R), and
ExtiR(G,W ) = 0 for all G ∈ GF (X ,Y)(R) and W ∈ X ∩X
⊥. In addition, it is clear that X ∩X⊥ is closed
under direct summands. According to [29, Theorem 3.1], we can get some Ext-functorial descriptions of
Gorenstein (X ,Y)-flat dimension.
3. The Gorenstein flat model structures with respect to duality pairs
According to Hovey’s correspondence [17, Theorem 2.2], we know that an abelian model structure on
R-Mod, in fact on any abelian category, is equivalent to a triple (Q,W ,R) of classes of objects for which
W is thick and (Q ∩W ,R) and (Q,W ∩R) are each complete cotorsion pairs. We say that W is thick
if the class W is closed under extensions, direct summands, kernels of epimorphisms, and cokernels of
monomorphisms. In this case, Q is precisely the class of cofibrant objects, R is precisely fibrant objects,
andW is the class of trivial objects of the model structure. Hence, we denote an abelian model structure
as a tripleM =(Q,W ,R), and call it a Hovey triple, and denote the two associated cotorsion pairs above
by (Q˜,R) and (Q, R˜), where Q˜ = Q∩W is the class of trivially cofibrant objects and R˜ = R∩W is the
class of trivially fibrant objects. We say that M is hereditary if both of these associated cotorsion pairs
are hereditary. We refer to [13, 17, 18] for a more detailed discussion on model structures.
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In [12], the main theorem gave a new method for constructing hereditary abelian model structures, as
follows.
Theorem 3.1. ([12, Theorem 1.1]) Let (Q˜,R) and (Q, R˜) be two complete hereditary cotorsion pairs in
an abelian category C satisfying the two conditions below.
(1) R˜ ⊆ R and Q˜ ⊆ Q.
(2) Q˜ ∩ R = Q∩ R˜.
Then (Q,W ,R) is a Hovey triple, where the thick class W can be described in two following ways:
W = {X ∈ C | there exists a short exact sequence 0→ X → R→ Q→ 0 with R ∈ R˜, Q ∈ Q˜}
= {X ∈ C | there exists a short exact sequence 0→ Q′ → R′ → X → 0 with R′ ∈ R˜, Q′ ∈ Q˜}.
.
Moreover, W is unique in the sense that if V is another thick class for which (Q,V ,R) is a Hovey triple,
then necessarily V =W.
In [14], over a right coherent ring R, Gillespie constructed a hereditary abelian model structure on
R-Mod whose cofibrant objects are precisely the Gorenstein flat modules using the above theorem. In
[7], Estrada, Iacob and Pe´res studied relative Gorenstein flat model structure on the categories of left R-
modules and complexes. In the section, using the same method, we construct an abelian model structure
on R-Mod whose cofibrant objects are precisely the Gorenstein (X ,Y)-flat modules, where (X ,Y) is a
duality pair.
Recall that a class A of left R-modules is a κ-Kaplansky class if there exists a cardinal number κ such
that for every M ∈ A and for any subset S ⊆ M with Card(S) 6 κ, there exists a submodule N of M
that contains S with the property that Card(N) 6 κ and both N and M/N are in A. We say that A is
a Kaplansky class if it is a κ-Kaplansky class for some regular cardinal κ. Similarly, we have the notion
of a Kaplansky class of chain complexes.
Lemma 3.2. ([11, Theorem 2.9]) Let K be a Kaplansky class. If K contains the projective modules and
it is closed under extensions and direct limits, then (K, K⊥) is a perfect cotorsion pair in R-Mod.
Lemma 3.3. If X is closed under pure submodules and pure quotients, then the class GF (X ,Y)(R) is a
Kaplansky class.
Proof. Let Y E˜X be the class of exact complexes of left R-modules in X such that Y ⊗R− leaves it exact.
Similar to the proof of [6, Theorem 3.7], we get that the class Y E˜X is closed under pure subcomplexes
and pure quotients, and so it is a Kaplansky class by [6, Proposition 3.4]. Since GF (X ,Y)(R) is the class
of 0-cycles of complexes in Y E˜X , we obtain that it is a Kaplansky class. 
Lemma 3.4. Assume that X is closed under direct sums, pure submodules and pure quotients, and the
class GF (X ,Y)(R) is closed under extensions. Then the class GF (X ,Y)(R) is closed under direct limits.
Proof. Since X is closed under direct sums, pure submodules and pure quotients, we have that X is closed
under direct limits. It is obtained by argument similar to the proof of [28, Lemma 3.1]. 
Proposition 3.5. Assume that X is closed under direct sums, pure submodules and pure quotients,
and the class GF (X ,Y)(R) is closed under extensions and direct products. Then the class GF (X ,Y)(R) is
preenveloping.
Proof. By Lemma 3.3 and 3.4, we get that GF (X ,Y)(R) is a Kaplansky class, and is closed under direct
limits. Then the result follows from [11, Theorem 2.5]. 
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Proposition 3.6. Assume that X is closed under direct sums, pure submodules and pure quotients,
and the class GF (X ,Y)(R) is closed under extensions. Then (GF (X ,Y)(R),GF (X ,Y)(R)
⊥) is a perfect and
hereditary cotorsion pair.
Proof. According to Lammas 3.2, 3.3, and 3.4, we get that (GF (X ,Y)(R),GF (X ,Y)(R)
⊥) is a perfect
cotorsion pair. Since the class GF (X ,Y)(R) is projectively resolving by Proposition 2.12, we have that
(GF (X ,Y)(R),GF (X ,Y)(R)
⊥) is hereditary. 
Corollary 3.7. Assume that X is closed under direct sums, pure submodules and pure quotients, and
the class GF (X ,Y)(R) is closed under extensions. Then the class GF (X ,Y)(R) is covering.
When (X ,Y) is a perfect and symmetric duality pair, and X is closed under kernels of epimorphisms.
Then, by Lemmas 1.1 and 1.2, we get that (X , X⊥) is a complete (perfect) and hereditary cotorsion
pair, and X is closed under direct sums, pure submodules and pure quotients. By Corollary 2.21,
we have that the class GF (X ,Y)(R) is closed under extensions. It is clear that X ⊆ GF (X ,Y)(R) and
GF (X ,Y)(R)
⊥ ⊆ X⊥. The desired Hovey triple shall be a consequence of the following result.
Proposition 3.8. Assume that (X ,Y) is a perfect and symmetric duality pair, and X is closed under
kernels of epimorphisms. Then the cotorsion pairs (X , X⊥) and (GF (X ,Y)(R),GF (X ,Y)(R)
⊥) have the
same core. That is, GF (X ,Y)(R) ∩ GF (X ,Y)(R)
⊥ = X ∩ X⊥.
Proof. (⊆) Suppose W ∈ GF (X ,Y)(R) ∩ GF (X ,Y)(R)
⊥. Since GF (X ,Y)(R)
⊥ ⊆ X⊥, we only have to show
thatW is in X . SinceW is in GF (X ,Y)(R), we have a short exact sequence 0→W → X →W
′ → 0, where
X is in X and W ′ is in GF (X ,Y)(R). According to W ∈ GF (X ,Y)(R)
⊥, we get that Ext1R(W
′,W ) = 0,
and so the above sequence splits. Therefore, W is a direct summand of X , which implies W ∈ X .
(⊇) Let U ∈ X ∩ X⊥. Then, it is clear that U is in GF (X ,Y)(R). It needs to prove that U ∈
GF (X ,Y)(R)
⊥. First, we show that the sequence HomR(X, U) is exact for any X ∈ Y E˜X . Note that
HomR(X, U
++) ∼= (U+ ⊗R X)
+. Since U ∈ X , we get that U+ ∈ Y, and so U+ ⊗R X is exact. Hence,
HomR(X, U
++) is exact. From [10, Proposition 5.3.9], there exists a pure exact sequence 0 → U →
U++ → U++/U → 0. Since X is closed under pure quotients, we get that U++/U ∈ X . By the
assumption that U is also in X⊥, which means that the above sequence splits. Thus HomR(X, U) is
exact. Now we can prove by the standard argument that Ext1R(G,U) = 0 for all G ∈ GF (X ,Y)(R). 
Combine Proposition 3.8 and Theorem 3.1, we have a Hovey triple (GF (X ,Y)(R),W ,X
⊥) and the
following result.
Theorem 3.9. Assume that (X ,Y) is a perfect and symmetric duality pair, and X is closed under kernels
of epimorphisms. Then the category R-Mod of left R-modules has a hereditary abelian model structure,
the Gorenstein flat model structure with respect to a duality pair (X ,Y), as follows:
The cofibrant objects coincide with the clas GF (X ,Y)(R).
The fibrant objects coincide with the class X⊥.
The trivially cofibrant objects coincide with the class X .
The trivially fibrant objects coincide with the class GF (X ,Y)(R)
⊥.
An R-module M fits into a short exact sequence 0 → G → X → M → 0 with X ∈ X and G ∈
GF (X ,Y)(R)
⊥ if and only if it fits into a short exact sequence 0→M → X ′ → G′ → 0 with X ′ ∈ X and
G′ ∈ GF (X ,Y)(R)
⊥. All moudles M with this property are precisely the trivial objects of the above abelian
model structure.
Applying Theorem 3.9 to Example 2.3(1), we have [14, Theorem 3.3].
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